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Abstract

This report studies the modular construction of algebraic solvers for distributive combina-
tions of theories within the FREx framework, motivated by semiring solving in dependently-
typed languages. The main contribution is a corrected result: under certain conditions, the
free algebra for the combined theory can be obtained from the free algebras of the com-
ponents. This gives an effective and modular route to semiring-like solvers. The report
also describes a partial Idris 2 implementation, additional solvers for component theories,
and a performance evaluation indicating practical usability. Finally, it compares FRex with
reflection-based ring tactics and identifies the extension to free extensions as ongoing work.



1 Introduction

In theorem provers and dependently-typed programming languages, users often have to prove
to a type checker that two terms are equivalent. These proofs often involve repetitive application
of the axioms defining the underlying theory. For instance, a proof of the classic identity

Va,beR, (a+b)? = a® + 2ab + b

invokes 10 semiring axioms: associativity of the addition three times, commutativity of the mul-
tiplication once, left distributivity of times over plus three times, left neutrality of the multipli-
cation twice and evaluation once.

In order to free users from needing to construct such proofs, most dependently-typed lan-
guages include simplifiers for common algebraic structures. Among these structures are semir-
ings and rings. A semiring consists of a set with two binary operations, typically called addition
and multiplication, such that the semiring is a commutative monoid with respect to addition, a
monoid with respect to multiplication and multiplication distributes over addition. The set of
natural numbers N equipped with the usual operations form a semiring. A ring is a semiring that
is an abelian group with respect to addition, i.e., each element must have an additive inverse.
The set of integers Z equipped with the usual operations form a ring. Solvers for semirings and
rings already exist and are implemented in most proof assistants. The state-of-the-art in terms
of ring solvers is Rocq’s current implementation of its ring tactic [Grégoire & Mahboubi, 2005].
This is also the implementation chosen by Agda [Kidney, 2019]. The technique used is called
reflection, and while Grégoire and Mahboubi unify the implementation for semirings and rings,
it is limited to those theories. For instance, one would need to implement a new solver from the
ground up to deal with involutive rings.

The goal of this internship is to find a way to combine existing solvers for component theories
to obtain a solver for distributive combinations of theories. Doing so would let us implement
a semiring solver from a monoid solver and a commutative monoid solver. Other than letting
us implement solvers more easily, this also opens the door to a wide variety of other semiring

solvers, considering combinations of varieties of semigroups, monoids and groups.

This internship is part of a wider project called free extensions, abbreviated FRex. Intro-
duced in Yallop et al. [2018], and built on universal algebra, it was first conceived as a way to
represent partially-static structures, where some parts of a data structure are known at compile-
time (static) and other parts are known only at run-time (dynamic). FRex relies on normal forms,
i.e., canonical representatives using the algebraic laws while also evaluating concrete elements.
The first application of FREx was to optimise the code generated by multi-stage programming
(MSP), a form of metaprogramming where parts of source code are annotated and become avail-
able as symbolic expressions. FREX can also be specialised to fully dynamic structures, consider-
ing free algebras (abbreviated fral) instead of free extensions. With its use of normal forms, FREx
represents terms modulo semantics. This leads to so-called ‘representation theorems’ which can
be used for algebraic simplification thanks to universal algebra. The use of normal forms in the
theory may also be useful for search and synthesis, by enumerating candidates over a smaller
search-space.

Later, Allais et al. [2025] formalised these representation theorems constructively and with
respect to setoids, alongside other universal algebra concepts. This let them implement an ex-
tensible dependently-typed library for algebraic simplifiers based on fral and frex representation
theorems.

FREX can be extended modularly. For instance, [Allais et al., 2023] describes a modular con-



struction of an involutive algebra frex out of the frex of the underlying algebra. This lets them
expand on already constructed free extensions, and combined with the work of Allais et al.
[2025], this gives solvers for involutive structures for free. For instance, implementing a simple
monoid solver using frex yields an involutive monoid solver. This motivates the search for a
modular construction for solvers for distributive combination of theories using FRex.

Reformulated using FREX concepts, the goal of this internship is to find a way to combine
free algebras and free extensions for component theories to obtain free algebras/extensions for
distributive combinations of theories.

1.1 Outline and contributions

In §2, we present the relevant mathematical concepts behind FREx, how they are used in practice
to simplify equations and also some concepts of category theory used to state the main result.

In §3, we present the theoretical construction of free algebras for the distributive combination
of theories. Ohad Kammar had stated an incomplete result (§3.2), but it turns out it contradicted
known results (§3.3). I combed the (incomplete) proof for errors, strengthened the hypotheses
to state a new corrected result and proved it (§3.4). We started extending the result from free

algebras to free extensions, but the construction is incomplete (§3.5).

In §4, we briefly present the implementation of the distributive combination of free algebras
in Idris 2, what remains to be implemented, as well as a full performance evaluation (§4.4). To
do so, I also had to implement some additional solvers for the component theories (§4.3).

In §5, we compare different aspects of FREx with the state-of-the-art in terms of semiring
solvers: Rocq’s reflection-based ring tactic [Kidney, 2019]. §5.1 and §5.2 give insights into how
the ring tactic works, while §5.3 explains the soundness and completeness guarantees of both

libraries. §5.4 compares the capabilities and applications of FREx and the ring tactic.

The appendices contain some additional definitions and proofs (§A) , the Idris 2 source code
for the whole project (§B) and the full proof of Theorem 4 (§C).

2 Preliminaries

Frex is based on some concepts of universal algebra, which gives generic descriptions of alge-
braic structures and relations between them [Burris & Sankappanavar, 1981, Chp. II]. We’ll sum-
marise the relevant concepts, which have been formalised in Idris 2 [Allais et al., 2025]. We’ll
use monoids to illustrate these concepts along the way. We’ll also explain how simplification

works, and we’ll define the distributive combination of theories formally.

2.1 Syntax

A finitary signature > = (op X, arity) consists of a set op X of operators, and an assignment
arity : opX — N associating to each operator in op X its arity. The usual signature Xnion
of monoids consists of two operators (-) and 1, with respective arities 2 and 0. We’ll write
YMon = {(*):2, 1:0}.

An algebra A = (A, A[-]) over a signature X consists of a set A called the carrier of A, and
a function A[[f] : A" — A called the interpretation of f in A for each operator (f : n) € X.
Interpretations give the semantics to the algebraic language determined by the signature. There
may be different algebras for a given signature and carrier set. One can equip the set N of natural
numbers with the monoid structure (N, (+),0), (N, (:),0) or even (N, max, 0).



Given a set X of variables and a signature ¥, the set of 3-terms over X, denoted Termy, (X),
is defined by induction:
reX t1 € Termy(X) ... t, € Termy(X)
var z € Termy, (X) f(t1,... ty) € Termy(X)

We'll usually write 2z € Termy (X ) instead of varx € Termy(X), and X + ¢ instead of ¢ €

(f:n)eX

Termy; (X). Terms are used to write equations. Closely related is the set of linear terms LTermy (T")
also defined by induction:
= {x} t1 € LTermy(Ty) ... t, € LTermy(T),)
var z € LTermy (T) f(t,...,tp) € LTermy (T u---u Ty (fin)ex

For example,  + x - 0 or x,y + « + y are affine terms, but  + x + x is not.

We define equations in context X + ¢ = r as triples (X, ¢,r) where X is a set of variables
and /¢, r are terms in context X called the left-hand-side (LHS) and right-hand-side (RHS). The
associativity equation for Xnjon is then z,y, 2z + - (y-2) = (z-y) - 2. We define affine equations
as equations between two linear terms, not necessarily on the same set of variables. This allows
weakening, i.e. the deletion of variables, but not contraction. For example, z,y - x +y =y +
or z - z -0 = 0 are affine equations, but x - x v = = x is not.

An environment p for a context X, or X -environment, in an algebra A isa functionp: X - A
that assigns to each variable in X an element of the carrier of A. Given a term ¢ € Termy (X ),
denoted X + ¢, the algebra A gives an interpretation function A [t] : A% - A. For an
X-environment p, A [t] p is defined by induction:

Afvarz]p:==px Afop(ty,...,tn)] p:=Alop] (A[t1] p,---, Altn] p)

For example, in the Ypjon-algebra A = (N, (+),0), one can interpret the term z - (y - 1) in the
environment p := {x — 1,y — 2}, which yields A[z-(y-1)]p=1+(2+0) =3.
An algebra A paired with an X-environment p : X — A satisfies an equation X ~ ¢ = r

between terms in Termy;(X) when A [¢] p = A[r] p. We write this (A, p) & (X + £ =r). The
equation X + £ = r is valid in A when every environment satisfies it,

Vp: X > A (Ap)e(XrLl=r)

We write this A £ (X + £ = r). For example, the Ynjon algebras presented so far validate
the associativity axiom, but interpreting the binary operation as subtraction over the integers
(Z,(-),0) does not: taking the environment {z —~ 0, y~ 0, 2z~ 1}, wehave 0 - (0-1) =1 =
~1=(0-0)-1.

A presentation T = (X7, Axr) consists of a signature Y7 and a set Axy of ¥-equations
in context. A T -model A is a Yy-algebra validating all of the axioms in Axs. The Monoid
presentation consists of the associativity axiom paired with the neutrality axioms x + z -1 = &
and z + 1-z = x over the signature Ypjon. The Xpjon-algebras (N, (+),0), (N, (+),0) and
(N, max, 0) are all Monoid-models.

Let A= (A, A[-]) and B = (B, B[-]) be algebras over the same signature ¥. A homomor-
phism h: A - B of ¥-algebras is a function h : A - B such that for every operator (f :n) € X
and every ay,...,a, € A we have:

BLAI(R(@1), .. h(an))= h(ALfT (a1, . an))
In other words, a homomorphism is a semantics-preserving function between the carriers of the
algebras. For example, complex conjugation is a homomorphism between the ¥nion-algebras
over the complex numbers, since 21 + z3 = Z7 + 23, 0=0andz7-22 = 21 - Z3, L = 1. A homomor-
phism of T-models is a homomorphism of X 7-algebras between the underlying algebras of the
models.



2.2 Free models/algebras

Let 7 be a presentation and X a set of variables. A T -model over X amounts to a pair (4, p4)
where A is a T-model and p4 : X — A is an X-environment in this algebra. This concept is
used to formalise the free algebra (fral) simplification in §2.4.

A morphism h: (A, pa) — (B, pp) between T-models over X is a T -model
homomorphism that makes the diagram on the right commute. A free T -model
over X is a T-model (F X, var) such that for every 7-model A over X, there

exists a unique morphism of 7-models from (F' X, var) to A. When T is implicit, h

o
X =
P

oy — I

we will often simply say “free algebra”, abbreviated “fral”. The environment var
is called the unit of the free algebra. The existence-and-uniqueness property
is called the universal property of the free algebra. Thanks to the universal property, all free
T-models over X are uniquely isomorphic and therefore we often talk about the free algebra
over X. Informally, the free algebra for a theory is the most parsimonious model validating
the theory, in the sense that the only equations validated by the free algebra are the ones from
the presentation and the ones that we can deduce from them. Free algebras represent normal
forms of terms modulo the equations of the theory. The free commutative monoid over the set
of variables {1, x2, 3} can be represented by N3. Addition is coordinate-wise, the 0 element is
(0,0,0) and var is the function that sends z; to (1,0,0), z2 to (0,1,0) and z3 to (0,0,1). The
unique morphism out of this algebra into any commutative monoid A is the function sending
(a1,a2,a3) to ay(pa(x1)) + az(pa(z2)) + as(pa(xs)). For monoids, the free monoid over a
set of variables X can be represented as finite lists of elements of X, with concatenation as
multiplication and where variables are injected as singleton lists.

Every presentation 7 induces an equivalence relation on terms via the deduction rules of
equational logic. Explicitly, we define a provability relation X +7 ¢ = r inductively as in Figure 1.
Derivations are built similarly to natural deduction.

Xbril=
X it (reflexivity) # (symmetry)
Xtrl=m X+yrm=r Yrrl=r)eAxr 0:Y - Termy, X ,
(transitivity) (axiom)
Xl—7’€=’l“ XI—T€[0]=’I“|:0]

fori=1,....n: X 7 l;=m
X =7 op(li,-- - ln) =op(r1, .., 7n)

(congruence)

Figure 1: Provability in equational logic

There is a canonical isomorphism of 7T-models over X
(FX,varpy) = ((TermgT X)/(X T ):: Q,Var'>
with var’ : X — @ given by x ~ [varxz]. Therefore free 7-models represent terms modulo

semantics.

2.3 Free extensions

Free algebras allow us to deal with dynamic equations that involve only free variables, but some-
times one may need to simplify equations that involve partially-static terms, i.e., terms with vari-
ables and constants, such as 2 + x + y for instance. The analog of free algebras for partially-static
structures are free extensions.



An extension of A by X is a triple (B, h,e) where B is a T-model, h : A - B is a homomor-
phism of 7-models and e : X — B is a function. h embeds the concrete elements of A in B, and
e embeds the variables.

Let by = (B1,h1,e1),b2 = (Ba, ha,e2) be two extensions of A by X.

A morphism of extensions h : by — by is a homomorphism of 7 -models B;

h : By - By that makes the diagram on the right commute. An exten- an ’\hl
sion (A[ X ],sta, dyn) is free when, for every extension (B, h,¢), thereisa X lh A
unique extension morphism [ B, h,e] : (A[ X ], sta,dyn) - (B, h, e). Free e ’/;12

extension is abbreviated “frex”, and we denote free extensions of A by X By

as A[X]. Just like for free algebras, all free extensions of A by X are iso-
morphic to each other. Let A be a commutative monoid. Its frex by the finite set of variables
{x1, 29,23} can be represented by A[X]:= A x N3. The remaining structure is defined by:

(a, (k11, k12, k13)) + (b, (ka1, koo, ko3)) := (a + b, (k11 + ko1, k12 + koo, k13 + ka3))
0:=(0,{0,0,0)) sta a := (a, (0,0,0)) dyn 1 :=(0,(1,0,0)) dyn z;:=...
[B,h,€] <a)<k17k27k3>>::ha+k;1'el'1+k2’€$2+k3'61‘3

Similarly to §2.2, there is a canonical isomorphism between any free extension and the quo-
tient frex (( Termy X)/(X T, ):: Q,sta’, dyn') with sta’ : A - @ defined by a — [a] and
dyn’: X - Q defined by z = [var x]. T4 is the presentation where the operators are the ones of
T together with newly adjoined constants a for every a € A, and whose axioms are the combi-
nation of the axioms in 7" and the evaluation axioms + op(ay, ..., a,) = Afop] (a1,...,ay) for
every (op:n) € X7 and (ay,...,a,) € A" [Allais et al., 2023]. In this way, each free extension
is also a free algebra of a theory specialised to a concrete algebra by adding axioms over the
concrete elements.

2.4 How fral/frex solving works

We explain how fral solving works, and then how to adapt it to free extensions. This has been
formalised in Idris 2 [Allais et al., 2025], see §4.

Suppose that we want to prove that the equation z + (y + ) + y = z + = + y + y holds in
a commutative monoid A. We evaluate the LHS and RHS of the equation in the free algebra,
both give the representative (2,2). We then prove the equality in the free algebra, this is sim-
ple reflexivity here, and we use the universal property of the free algebra to conclude that the
equation is valid in A.

In the general setting, let X be a set of variables, T be a theory and (F' X, varpx ) be a free
T-model over X. We have the following theorem, proved in §A:

Theorem 1 (extensional normalisation)

Let X + £ = r be an equation in context.
The following are equivalent:

1. The unit satisfies the equation: (FX,varpx) = (X +{=1).
2. The free algebra validates the equation: FX £ (X + £ =1).

3. Every T-model A validates the equation: A E (X £ =7).

Proving equalities in arbitrary models with free algebras then boils down to proving equal-



ities in the free algebra. Since free algebras are canonically isomorphic to the quotient algebra
of terms quotiented by the provability relation, if an equality is indeed provable, then the two
associated terms in the free algebra must also be equal.

Since free algebras represent normal forms of terms modulo the equations of the theory, if
the two terms of the equation are indeed equivalent in the theory, then the interpretation of
those terms with the unit of the free algebra must return identical terms. The only difficulty lies
in the definition of equality in the free algebra.

Proving equalities between partially static terms using free extensions is similar, and relies
on the same construction. We use the fact that a free extension is a free algebra for a specific
theory as mentioned in §2.3. Instead of considering an equation on X, we consider an equation
on X U A. For an extension (A4, sta, dyn), the environment we use is defined as follows:

starz ifxeAd
varx =
dynz ifzxeX

Using the same reasoning as before and the universal property of the free extension, we can

prove partially static equalities on arbitrary models.

2.5 The distributive combination of theories

Given two signatures X; and X5, we define their coproduct 31 + 9 as the signature with oper-
ators the disjoint union of the operators, but retaining their arity:

21+22:{L,~f:n](f:n)eEi,izl,Q}

Given a X;-term-in-context n +y, t, we denote by n 5, 4, ¢;[t] the (21 + X2 )-term-in-context
obtained by applying the injection ¢; to all the operators of ¢. Similarly, given a 3;-equation in
context eq := (n +y, t =t"), we denote by ¢;[eq] the 31 + X9-equation in context
nkEy +3, b [t] = Li[t’].

Let A and M be two presentations. We define the distributive combination of M over A
[Hyland & Power, 2006] to be the presentation M > A given by:

Ympa=Ypm+Ea
Axppa = t1[Axm ] Uto[Ax 4]

(%)%1 y Y - f('rb sy Lig-1,8Y, Tig+1y - - - 7$n) (f : n) € EM
@] 1¥F10

=S <f(l'1, s 7x’i0—1;Yj7m’L'g+17 .. axn))L);ll (S : |y|) € E’A

Concretely, the signature is the coproduct signature and the axioms are the union of the axioms
to which we added distributivity axioms between the operators of M and A, stating that every
operator of M distributes over every operator of .A. We will call M the multiplicative theory,
and A the additive theory. For example, the theory of semirings is the distributive combination
of commutative monoids over monoids. The distributivity axioms when unfolded state that:

r,y,zkx-(y+2)=(x-y)+(x-2) r,y, 2k (x+y)-z=(x-2)+(y-2)

x+—2-0=0 z+—0-2=0

The multiplicative operation act linearly in each argument with respect to the additive theory,
and constants of the additive theory taken as operators give annihilation laws.



2.6 Monads and distributive laws

Monads are closely related to algebraic theories, and the construction of the distributive combi-
nations in §3 uses the notions of monads and distributive laws from a category-theoretic point
of view. We will assume basic knowledge about category theory, mainly about functors, natural
transformations and adjunctions. A standard reference is MacLane [1971].

A monad on a category C is a triple (T',n, 1) where T : C — C is a functor, n : Id¢ - T
is a natural transformation called the unit, y : T2 - T is a natural transformation called the
multiplication, and such that the following diagrams commute:

Tn

T —>5 T2 73 —25 12
nTl \ lu uTl lﬂ
T2 —— T T2 —— T

Every adjunction (F, G, n, ) gives rise to a monad [MacLane, 1971], by defining T := GF, n :=n
and = GeF.

Theorem 2

For every presentation 7, there is a left adjoint 7 to the canonical forgetful functor

U7 : T-Alg - Set where T-Alg is the category with 7-models as objects and 7 -model
homomorphisms as morphisms. The functor is defined as follows:

« Foraset X, F7 X := F1 X is the carrier of the free T-algebra over X.
+ The action on a function ~ : X — Y is defined inductively by:

FT(h)(z)=h(z) forzeX
FT(h)(op(t1,---stn)) = op(FT(R)(t1),...,FT(h)(t,)) for op:neSr

This is standard; see, for example, Zwart and Marsden [2018].

For a presentation 7, the free model monad induced by T is then the monad induced by the
free/forgetful adjunction U7 o F7. We say that a monad T corresponds to a presentation 7~
if T is a free model monad induced by 7. It is well known that every finitary monad on the
category of sets arises as a free model monad for some algebraic theory. For instance, the monad
T corresponding to the algebraic theory 7 is the monad whose terms 7'X are terms over the
variables in X modulo the equations, whose unit nx : X — TX sends each variable to the
corresponding atomic term and whose multiplication px : TT' X — T X is flattening, i.e., the act
of plugging terms into terms. For the theory of (regular) monoids, the corresponding monad is
the List monad whose elements L X are finite lists over X, n% (x) = [z] and % is list flattening.

Given two monads (7,17, u”) and (S,7°, 1°) on a category C, a distributive law [Beck,
1969] of T" over S is a natural transformation A : T'S — ST such that the following diagrams

mONGT TN

TS ——— 5T TS ————— 5T

commute:



728 Ay o AT o772 782 A5y o785 Ay g2

pTSl lSuT Tusl luST

TS X > ST TS X > ST

These equations ensure that the distributive law is compatible with both the units and the mul-

tiplications of S and 7'. This law induces a composite monad ST on C with unit n°7 = n°n7

and multiplication ST'ST 54, SSTT £ ST

The most famous example of a distributive law involves the List monad distributing over
the Abelian group monad (Definition 7): A : LA = AL [Beck, 1969]. It captures the classic

distributivity of multiplication over addition. Simply put,
)\(a-(b+c)) =a-b+a-c

We can write finite lists as formal products and finite multisets as formal sums, letting us write
the following definition for A:

n m;
A[18 w) - £ 5 Mo
=0 j,= =01=0

The resulting composite monad is the ring monad, i.e. the monad corresponding to the algebraic
theory of rings. This is the key idea underlying our construction of the free algebra for the
distributive combination of theories.

3 Categorical approach to the construction of distributive com-
binations

While using FREx does not require knowledge about category theory, FREX uses many category-
theoretic concepts internally. Therefore, the construction of distributive combinations is pri-
marily category-theoretic. However, we do not go into the details here, as this would require

more background on 2-categories and multicategories.

3.1 Challenge about constructing distributive combinations

Generic constructions for free algebras and free extensions for arbitrary theories are well-known.
However, not every construction yields free algebras or free extensions that can be used effec-
tively as solvers.

§2.2 gives an explicit construction for the free algebra of any theory using quotients. How-
ever in order to simplify equations computationally, §2.4 shows that we need a normal form
with decidable equality, not merely an abstract quotient construction. The equivalence relation
between terms in the quotient is not necessarily effective/decidable. Without this, we cannot

prove equalities in the free algebra, and therefore cannot use it effectively to prove equations.

Free extensions also have a generic construction: Allais et al. [2025] and Yallop et al. [2018]
state that the free extension of an algebra A by X is the category-theoretic coproduct of A
with the free A-algebra over X. However, there is no generic formula for the coproduct of two
algebras for an arbitrary theory.

The difficulty of the construction is for it to be effective so that equivalence between two
terms can be determined computationally. This forbids the use of quotients, categorical pushouts,
etc.



3.2 Initial hypothesis on the free algebra for the distributive combination

A first hypothesis was given by Ohad Kammar (my internship supervisor) about the free algebra
of the distributive combination of an arbitrary theory over a commutative one. A theory A is
commutative iff every operation of the theory commutes with every other operations, or more
formally, iff for every (f :n) € ¥ 4 and every (g:m) € X 4,

9($11,«--,$1m) x11 T1im
f : =glf| : |- f| (1)
g(xnla cee ;xnm) Tnl Tnm

This definition is stronger and more structural than ordinary commutativity of a single binary
operation. For monoids, this states that

(z-y) - (z-w)=(z-2) (y-w) 0-0=0 0=0

The theory of commutative monoids is therefore a commutative theory, fortunately. Note that

every operator of arity 0 and 1 commutes with itself.

The initial result was formulated in terms of multicategories, we reformulate it here in terms

of monads for ease of understanding.

Hypothesis 3 (Free algebra for the distributive combination, incorrect)

Let A be a commutative theory, and M be any theory. Then there exists a distributive law
of the free model monad induced by M over the free model monad induced by A, and the
free model monad induced by M > A is the composite monad of the two free model monads
induced by the distributive law.

In the semiring case, this says that if F)y4X gives multiplicative normal forms and F4 X gives
additive normal forms, then F'4 F)aq X gives normal forms for the semiring over X.

Intuitively, the hypothesis says that given two free algebras for the additive and multiplica-
tive parts, composing them gives the free algebra for the distributive combination of the theories.

This construction is effective in the sense of §3.1.

Even though the construction itself was well-defined, the proof wasn’t complete, and for a
good reason: the statement is incorrect. The culprit is the absence of distributive laws under

some hypothesis.

3.3 Why the initial hypothesis fails

Zwart and Marsden [2018] give multiple results about the absence of distributive laws under
certain hypothesis. We can regroup these results under 3 categories:

1. theorems 3.5, 3.12 and 4.24 all forbid the existence of an idempotent operator in the mul-

tiplicative theory, on top of other conditions.
2. theorem 4.7 forbids the existence of two distinct constants in the additive theory.

3. theorem 4.17 imposes the abides equation (a * b) * (¢ * d) = (a * ¢) * (b * d) to hold for
every binary operator * in the additive theory.



The second and third point are both taken care of by the commutativity hypothesis of the ad-
ditive theory in Hypothesis 3. For the second point, two constants commute with each other only
if they are equal. A commutative theory can therefore not have two or more distinct constants.
For the third point, the abides equation is simply the commutativity hypothesis for f = g = *.

However the first point is not accounted for in Hypothesis 3. Informally, idempotence du-
plicates information in a way that is incompatible with the intended distributive-law construc-
tion. Under the current hypothesis, idempotent operators are allowed. Therefore, we need to
strengthen our hypothesis.

A known failure is the distributive combination of semi-lattices with probabilistic nonde-
terminism [Varacca & Winskel, 2006, due to Gordon Plotkin]. Let M = BA be the theory of
barycentric algebras (Definition 8), A = SL be the theory of join-semilattices (Definition 9).
Barycentric algebras have idempotent operators, therefore there cannot exist a distributive law
A : BA SL = SL BA. The free semilattice on a set X is P} (.X) the set of non-empty fi-
nite subsets of X, with union as join, and the free barycentric algebra on X is Dy(X) the set
of finitely-supported probability distributions on X. However, the free algebra on X for the
distributive combination of the two is Conv ¢(D¢(X)), the set of non-empty finitely generated
convex subset of Dy(X), and not Py (D (X)), the set of non-empty finite subsets of Dy (.X).

3.4 Corrected result

We strengthen the hypothesis on M by requiring it to be an affine theory. A theory M is
affine if every axiom of the theory is an affine equation. Semigroups, monoids, groups and
their commutative variants are all affine theories, whereas semilattices are not because of the
idempotence axiom x + = v = = x. This effectively covers the first point of the previous section.

We now state the corrected theorem, in terms of monads once again instead of multicate-

gories.

Theorem 4 (Free algebra for the distributive combination)

Let A be a commutative theory, and M be an affine theory. Then there exists a distributive
law of the free model monad induced by M over the free model monad induced by A, and
the free model monad induced by M > A is the composite monad of the two free model
monads induced by the distributive law.

The actual construction uses operads, translations from operads to theories, 2-categories,
and multicategories. We therefore do not present the construction and proof in full here, but
instead explain the main idea.

First, note that a model for the distributive combination is made of a M-model and a A-
model on the same carrier set (this ensures that the respective axioms hold) where moreover the
operations of M distribute over the operations of A. Let X be a set of variables. The construction
start by taking the free M-algebra over X, Ay := FjyX. For example, for monoids, Ag =
Favon X = List X. We then take the free A-algebra over Fa X, Ay := Fy (M) For example,
for commutative monoids, A1 = FemonFMonX = Bag(List X ) This gives us our candidate
A-model. This step corresponds to the monadic composition, minus the multiplications. But we
now need to define the semantics of the operators of M on the carrier A;. To do this, we “lift” the
M -operators so that the lifted operators on the new carrier distribute over the A-operators. This
is what gives the distributive law. For the distributive combination of monoids over commutative
monoids, this yields the standard multiplication which distributes over addition. Through a more
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involved argument, with the help of the affine hypothesis, we prove that the M-axioms hold.
The commutativity hypothesis of A is used to prove the existence of an adjunction between
multifunctors, which is used to lift the M-operators.

This construction is effective: it is solely built from applying the free algebra constructions
and some 2-functors in well-chosen categories. The lifted operators can be defined concretely.

The above description may not sound fully formal, but this is because we had to omit a lot
of details for it to be understandable without the necessary background on multicategories and

2-categories.

3.5 Attempt to construct the distributive combination frex

The natural next step is to extend this result to free extensions. However, this is not straightfor-

ward.

Since we have seen in §2.3 that a free extension is also a free algebra for a specialised the-
ory, one might therefore try to reuse our construction on this specialised theory. However, the
hypotheses do not hold anymore: the specialised theory contains a constant for every concrete
element. As stated in §3.3, two constants commute with each other iff they are equal, and so the
specialised theory for the free extension of any non-trivial algebra is not commutative. There-
fore, we need to find a completely new construction.

Although the construction is nontrivial, it is not out of reach. We managed to define a con-
struction using categorical pushouts and the free extensions of the component theories. Al-
though it is not effective, because pushouts are quotient-based, it shows that the free extensions
of the component theories can indeed be used to construct the one for the combined theory.
This led us to search for ways to adapt the construction for free algebras to free extensions. The
construction of free extensions for distributive combinations is still ongoing work.

4 Implementation

Frex has multiple implementations, first in Haskell and MetaOCaml [Yallop et al., 2018], then
in Agda [Corbyn, 2021] and finally in Idris 2 [Allais et al., 2025]. We are interested in the imple-
mentation in Idris 2, a purely functional programming language with first class types.

4.1 Setoids

FREX uses setoids [Bishop, 1967; Hofmann, 1997] instead of simple sets. This gives Frex sev-
eral additional capabilities beyond term simplification and equation solving: printing terms and
proofs, proof simplification, code generation and more [Allais et al., 2025] (see §5.4.3).

A setoid is a set X equipped with an equivalence relation ~x. A setoid homomorphism
f: X - Y is afunction compatible with the equivalence relation: if x ~x y then f(x) ~x f(y).
Every set X can be seen as a setoid by equipping it with the equality relation (=). However se-
toids let us define some more complicated equivalence relations. For example, we can consider
the setoids of terms for some theory 7 and set of variables X, equipped with the provability
relation from Fig 1. Two equivalent terms in this setoid represent potentially different, but prov-
ably equal, terms. This is different from the quotient (TermgT X ) / (X FT ) where elements
represent equivalence classes of provably equal terms.

FrExX implements a slightly different version of the universal algebra presented in §2. Car-
riers for algebras are setoids instead of sets. Therefore, all homomorphisms must also be setoid
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homomorphisms.

4.2 Implementing the distributive combination

The distributive combination for free algebras has been implemented modularly so that the user
only needs to provide free algebras for the component theories to get a free algebra for the
combined theory. These free algebras can be passed to dedicated functions of the Idris FREx
library to act as solvers. These functions use a setoid variant of the extensional normalisation
theorem (Theorem 1): FREx uses the implication 1. = 3. to prove the required equality. It
attempts to find a proof of 1. automatically, and asks the user to provide one if it fails. The proof
should just be reflexivity, but Idris may not be able to solve it if the underlying equality is a
user-defined setoid equivalence relation.

The implementation was really tricky and took a lot of time because of the purely theoretical
nature of the proof. In order to implement (any) free algebra, one needs to define the underlying
algebra among other things, including all of the operations. By construction of the free algebra
for the distributive combination, the additive operations are the ones of the additive free algebra.
However the so-called lifting of the multiplicative operations is purely theoretical. It is the result
of the application of a left-adjoint functor whose proof of existence relies on some advanced
representation theorems for multi-categorical adjunctions and on tensor products. The proof
merely guarantees the existence of said functor, but does not detail its definition. Defining the
lifted multiplicative operations required a deep understanding of the 50-page theoretical proof.

Unfortunately, not the entire distributive combination of free algebras has been implemented
in this internship. Only the semantics have been implemented, it remains to prove in Idris 2 that
the constructed algebra validates the axioms and that it is indeed free. This is due to the fact
that formalising such a conceptual proof that stems directly from category theory is long and
tedious. However, since we do have the full theoretical proof, we already have some theoretical
guarantees about our result and we will be able to implement the remaining proofs, however
long this may take.

Fortunately, these proofs are not needed for the actual solving logic to work; they merely
guarantee that the solver is sound and correct. We were therefore able to use the current imple-
mentation to prove equations on various varieties of semirings. For instance, for every example
of a distributive combination we implemented (see the Table 1), we proved that all of the axioms
of the combination hold. This also lets us test the performance of our implementation in §4.4.
But before being able to run some tests, we had to implement the missing solvers for the compo-
nent theories, as only solvers for monoids, commutative monoids and involutive monoids were
implemented in Idris 2 by Allais et al.

4.3 Implementing solvers

Implementing solvers for a given algebraic theory amounts to finding the free algebra or free
extension for that theory and formalising it in Idris.

We implemented fral solvers for semigroups, commutative semigroups and abelian groups.
Solvers for monoids, commutative monoids and involutive monoids were already implemented.
For similar reasons as in §4.2, we only implemented the semantics of the free algebras and left
the proofs for future work. This is enough to use these solvers to solve equations.

The free algebras for these theories are well-known, therefore implementing fral solvers
largely amounts to formalising these objects in Idris. Free semigroups are non-empty lists, free
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commutative semigroups are finite multisets with non-empty support and free abelian groups
are integer-valued finitely supported maps.

4.4 Performance evaluation

Following the work of Allais et al., 2025, we tested our implementation to find the instantaneity
(0.1s), interactivity (1s) and attention (10s) thresholds described by Nielsen, 1994. This is impor-
tant as developing in Idris2 is interactive and our tool is meant to discharge the user of painful
arithmetic proofs. Each data point in Figure 2 is the median execution time over 10 random
terms of that size. Term size is computed as the number of leaves in the syntax tree of the term.
Generative Al was used to help write the program that generates random terms.

Frex’s type-checking time' remains below the instantaneity threshold for terms of size 60
to 120, depending on the number of free variables, as pictured in Figure 2. This is more than
sufficient to deal with the typical equalities that arise in dependently-typed programs.

FRrEX eventually crosses the interactivity threshold as the term sizes grow. However, by that
point, we notice that some datapoints are missing. This happens because the test machine ran
out of RAM on some of the test cases. This indicates that FREx’s bottleneck is not its speed but
Idris itself, and suggests that Frex is likely suitable for practical applications.
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Figure 2: Type-checking times for the commutative semiring and ring solvers.

"We used an Intel Core Ultra 7 255HX machine with 16GB memory, running Idris 2 version 0.8.0-6a54860ee on
Debian Linux 13.
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Comparing the execution times for semirings and rings with the ones in Allais et al. [2025] for
monoids, the performance seems to have much improved even though the solvers for semirings
and rings are more complex. This can be explained by two different factors:

. Allais et al. [2025] mentioned a performance bottleneck in Idris2’s evaluator, this was
during development four years ago and the development of Idris2 probably eliminated
this bottleneck.

« The tests in Figure 2 have not been run on the same machine as the tests in Allais et al.
[2025], and the CPU used for the semirings test is much more efficient than the one used
for the monoids tests. Moreover we couldn’t run the same tests as they were not suited

for semirings and rings.

5 Comparison with existing solvers

In dependently-typed programming languages, the state-of-the-art for polynomial equalities
over commutative semirings/rings was originally presented by Grégoire and Mahboubi [2005].
This is the current implementation of Rocq’s ring tactic, and it was also adopted by Agda’s ring
solver [Kidney, 2019]. We’ll explain briefly how the two approaches differ, and then compare the
capabilities of both algorithms.

5.1 Reflection

Reflection is the use of the ability of the Calculus of Constructions to represent and reason about
its own terms. Here is the pipeline for the reflection process used in Rocq described by Grégoire
and Mahboubi.

Consider a ring structure A, with two constants 0 and 1, three binary operators +, *, — and
an opposite unary function —. We want to prove the equality of two terms ¢; and ¢ modulo
the ring axioms. To do so, they introduce two inductive types PolExpr and Pol, two evaluation
functions ¢p : PolExpr - A and @ppg : Pol - A and a translation function ¥ : A - PolExpr.
PolExpr describes the syntax of terms of type A, while Pol describes normal forms of terms of
type A. The reflection process is pictured in Figure 3.

€1 = e PolExpr ——*—— Pol norm(e;) = norm(ez)
R
LPPE l‘PP
t1 =to A = A pp(norm(er)) = ¢p(norm(es))

Figure 3: Reflection process
It goes as follows:

1. from t; and 9, build two corresponding reflected terms e; and ey with .
2. normalise these two polynomials using norm

3. prove the equality norm(e;) = norm(es) to conclude for the equality ¢, and t5.
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In order for this process to be correct, the diagram in Figure 3 needs to commute:

Ve € PolExpr, ppp(e) = ¢p(norm(e)) (2)
Vae A, opp(%T(a)) =a ®3)

If the equality of the normal forms hold, it follows that:

t1=ppr(T(t1)) = pp(norm(T(t1))) = pp(norm(T(t2))) = pe(T(t2)) = t2

The type Pol is built so that equality can be checked syntactically: if two polynomials
Py, P, € Pol are equal then so are their syntax tree. Therefore, equality of normal form comes
for free and one only needs to prove the correctness criterion (2) for the tactic to be correct.

5.2 Almost-rings

The ring tactic is capable of dealing both with commutative rings and commutative semirings,
within a single implementation. To unify both structure, they introduce almost-rings, an inter-
mediate structure similar to rings and semirings.

An almost-ring is a commutative semiring completed with an unary operator called almost-
opposite. The almost-opposite, denoted by —, satisfies the following axioms:

T,y —(r*ry)=-r*y
r,y-—(rx+y)=-x+-y

T,YyrxT-Yy=x+-Y

The last equation defines an associated pseudo-subtraction.

These axioms do not allow to prove the missing axiom defining the opposite in a ring
2+ x + —x = 0. This lets them equip a commutative semiring with an almost-ring structure by
taking the almost-opposite to be the identity function, which satisfies the axioms. For example,
N can be seen as an almost-ring by defining —z := x and x — y := z +y. Therefore, implementing
a solver for almost-rings is sufficient to deal with both commutative semirings and commutative
rings.

Even though the equation x - x + —z = 0 is not provable in an almost-ring, it will be proved
for rings by the ring tactic as long as 1+ (—1) reduces to 0 in the coefficient set used in the types
Pol and PolExpr.

5.3 Soundness and completeness

Both the Frex solvers and the ring tactic are sound and complete, although there is a subtlety.

Any fral/frex is canonically isomorphic to the quotient fral/frex, and an effective fral/frex
with a constructive universality proof has an effective isomorphism to the quotient setoid. In
this way, a simplifier using an effective fral/frex is constructively sound and complete [Allais
et al., 2025]. This completeness is with respect to the underlying theory of the fral/frex, not
with respect to all actually provable equalities in the model for which we are trying to prove an
equality. For instance, considering the ring of booleans with logical or as addition and logical
and as multiplication, the addition is idempotent in this ring: Vx : Bool, x v = . Even though
it holds, the equation is not a consequence of the ring axioms and therefore it is unable to be
solved by a fral for rings. Since both addition and multiplication are idempotent for this ring,
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we are not under the hypothesis of Theorem 4 and therefore FREx cannot be used to solve every
equation over the booleans.

The soundness of the ring tactic comes from the correctness lemma (2). ring computes the
normal forms for the LHS and the RHS of the equation and checks whether they are equal or not.
If they are equal, (2) guarantees that the two terms are indeed equal, thus giving us soundness.
Completeness with respect to the commutative semiring/ring theory is ensured by the validity
of the normal form used (sparse Horner forms) and the equation (3). The validity of the normal
forms ensures that if two polynomial expressions represent the same polynomial, then their
normal form will be equal. Equation (3) ensures that the translation process from expressions to
normal forms is correct. However, the equations provable by the ring tactic actually depend on
which coefficient set is used in the types Pol and PolExpr. By default, the ring tactic takes Z as
its coefficient set, but it may not always be the best choice. For instance, for solving equations
over the ring of booleans, taking the booleans themselves can let ring solve equations such as
Vz : Bool,x v x = x. This is because 1 + 1 = 1 for booleans. The left side of the equality is
reflected to X + X, whose normal form (1 + 1) - X is reduced to 1- X = X. Taking the default
coefficient set Z would not allow such equation to be provable for the booleans.

Therefore, both FREx and the ring tactic are sound and complete with respect to the under-
lying algebraic theories, but a good choice for the coefficient set of the ring tactic can lead to

solving more equations.

5.4 Comparison
5.4.1 Supported theories

The Frex approach to algebraic simplification lets us tackle many more theories than the Rocq
ring tactic can. In Table 1, we show examples of models for the different distributive combina-
tions of mere/commutative mere/involutive semigroups, monoids and groups. are the
theories that the ring tactic can handle. Only the commutative semiring/ring corner is covered
by reflection-based ring solving, whereas Frex extends to semigroup/monoid/group and involu-

tive variants.
The models in the table are the following:
« N, Z,R: natural numbers, integers and real numbers with the usual operations.
+ (C,=): complex numbers with conjugation.
o Coo:={a+bi|acRsg,beR} are complex numbers with a strictly positive real part.

« 27[i] := {2(a + bi) | a,b € Z} with standard addition, multiplication and conjugation as
involution.

« P(X*) and variants: formal languages on the alphabet ¥, with union as addition and

concatenation as multiplication.
« M, (X): n x n square matrices with coefficients in X. ~ denotes matrix transposition.

« 7 (X"): finite integer linear combinations of nonempty words, i., finitely supported func-
tions from ¥ to Z. Addition is pointwise function addition and multiplication is concate-

nation that distributes over sums. rev is word reversal.

+ Rel(X): the set of binary relations on X. Addition is union, and multiplication is compo-
sition. Involution is the converse R' = {(y,z) | (z,y) € R}.
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Multiplicative structure Additive structure
Theory Comm.! | Inv.} Comm. Semigroup Comm. Monoid Abelian Group
Mere P(EY)N{az} P(E") Z(%)
Mere
Inv! | (P(Z9)\{g},-%) (P(z%),-H) (Z(x*),rev)
Semigroup
, | Mere 2N5¢ 2N 27,
Comm.
Inv. mg \ {0} mg (2Z[i],=)
M Mere P~ {a}, P(X*), M,(N) M, (7Z)
Monoid Inv. (M,(N,0), -T), (M,(N),-T), (M,(2),-T)
(,P(E*) N {®}7_R) (P(Z*)7_R):
Rel(X)
Mere N Z, R, C
Comm. 20 @
Inv. No [ X1, Xn] N, [X1,..., X0 ] (C,=),
{0} Zo [ X1, X0n]
Mere Th.As (R) impossible impossible
Mere .. .
nontrivially nontrivially
Group Inv. (Th,a.0(R),-T) impossible impossible
nontrivially nontrivially
Mere R.o impossible impossible
Comm. .. .y
nontrivially nontrivially
Inv. (Cs0,7) impossible impossible
nontrivially nontrivially
Legend: 1Commutativity; 2Commutative; 3Involutivity; 4nvolutive
Table 1: Examples for the distributive combination of theories
« Y, [X1,...,X,]: multivariate generating functions in the variables X1, ..., X,, with co-

efficients in Y. Addition and multiplication are the standard operations, the involution is
defined by f(z1,...,7,)" = f(To(1), - -
2, ie, 02 =idand o # id.

-y Zg(n)) Where o € &, is a permutation of order

m? = {feN,[Xq,...
variables X7, ..., X,, with coefficients in N and with no constant part.

, Xn] 1 £(0,...,0) = 0} : multivariate generating functions in the

(T A0 (R), —T): upper triangular matrices with coefficients > 0 on the diagonal. Addi-
tion and multiplication is standard matrix addition and multiplication. The involution —
reverses the order of the coefficients on the diagonal, e.g, A(1,...,n)" = A(n,...,1).

Some combinations are impossible nontrivially. This is the case of every combination of

a multiplicative group with an additive structure that has a 0 element. In such a case, every

element is equal to each other. Indeed, suppose that 0 is invertible, i.e, there exists 0~! such that
0-07! = 1. Because of the distributivity axioms, x + -0 =0 and - 0-z = 0 hold in all of these
cases. We also have the associativity of the multiplication, therefore for every element a:

a=a-1=a-(0-01)=(a-0)-0'=0-0""=0

Every element is equal to 0, and the only model validating these theories is the trivial model {0}.
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5.4.2 Support for additional equalities

The Rocq ring tactic supports® taking additional equalities as arguments to solve equalities
between terms. This lets one prove goals such as

Goal forall ab : Z, 2*xa*xb=30->((a+b)*2=a""2+b"*2+ 30.
Proof.

intros a b H; ring [H].
Qed.

This is not possible with the FREx approach. The universal property of free algebras and free
extensions guarantees that the only equations that are valid in the free algebra/extension are the
ones that are provable with the provability relation of Figure 1. Due to the nature of the solving
algorithm (§2.4), one can’t provide additional facts to the solver, and therefore the goal above is
not provable with FREX.

However, the support for additional equalities is limited. The supported additional equalities
need to be of the form m = p where m is a monomial and p is a polynomial in the corresponding
ring structure. Therefore, you can’t reason about any other operators than + and *, even when
giving additional axioms concerning the operator. For instance, define an abstract ring and add
an involution operator ~~. Even by giving the axioms

Rinv_inv : forall x, ~~ (~~ x) == x.
Rinv_antidistr : forall x y, ~~ (X * y) == ~~ y % ~~ X.

to the ring tactic, it is unable to solve the basic goal

Lemma invInv : forall x, ~~ (=~ x) == Xx.
Proof.

intros.

Fail ring [(Rinv_inv x) (Rinv_antidistr x)].
Abort.

because ~~ is not a part of the ring structure. This is to be expected when looking at how
reflection work in §5.1. Because of this, some theories such as involutive semirings or involutive
rings which are supported by FREx can’t be supported by the ring tactic.

5.4.3 Other FREX capabilities

We have presented FREX as a generic algebraic simplification framework, but it is not limited to
that role. All of the following capabilities of FREx cannot be achieved by the ring tactic.

By appealing to the universal property of the fral/frex, every fral/frex is isomorphic to the
quotient fral/frex. This lets us extract a proof certificate, i.e., a derivation for the equation for the
provability relation of Figure 1. FREX can package such a derivation as a lemma that is valid for
any model of the given theory. Users can then seamlessly invoke these lemmas in any model,
avoiding further Frex calls [Allais et al., 2025, Section 5.2].

The resulting derivation can also be used to pretty-print human-readable proofs, going through
each step and specifying which axiom is used, and where. However, the derivation may not be
optimal, leading to possibly large proofs with unnecessary steps. Figure 4 shows the first four

®See http://rocq-prover.org/doc/V9.2.0/refman/addendum/ring.html.
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solving steps to prove that (3 + x) + 2 = 5 + x in a commutative monoid; these steps aren’t part
of the optimal derivation involving only four solving steps in total. The full proof is pictured
in Figure 5 in the appendix. The obtained derivation can also be used to print Idris proofs for
the lemmas [Allais et al., 2025, Appendix C]. These capabilities are not yet available for proofs
involving distributive combination of theories as the printers have not been implemented yet.

( Left neutrality ] ( Left neutrality ]

(30:E)0[2]?(30:L")020[6]i(30$)020€0[€]?(301")0206060[6]%-“:501‘

( Right neutrality ] ( Left neutrality ]

Figure 4: Extract of a FREx-extracted proof of (3 e z) ¢ 2 = 5 e x in the additive monoid over
natural numbers.

FREX can also be used to normalise code. Corbyn et al. [2022] present a normalisation
by evaluation framework using FREx that can simplify higher-order functional programs with
algebraic structure. For instance, the framework can simplify simply typed lambda calculus
terms extended with an arbitrary commutative monoid M. Take M to be the commutative
monoid of integers with multiplication and FREX can normalise terms such as Az.(2 * 3) * = or
Ax.(Ay.2*y)(x *3) to Az.6 * x, combining beta-reduction and algebraic simplification. While a
naive normaliser suffices to reduce the first term to its normal, reducing the second term requires
reordering the terms and invoking the axioms of the commutative monoid, which requires FREx.

The Frex simplification can also be applied to multi-stage programming. In Yallop et al.
[2018, Section 4.3], FREX is used to simplify the code generated by a staged version of sprintf
to produce more efficient code requiring fewer string concatenations, reducing expressions such
as ((("" ++ show x) ++ "a") ++ "b") ++ show ytoshow x ++ ("ab" ++ show y).

6 Conclusion and prospects

We have found a way to modularly combine free algebras for component theories to get a free
algebra for distributive combinations of theories, letting us use the work of Allais et al. [2025] to
obtain solvers for varieties of semirings. From monoids and commutative monoids we recover
semiring solvers, and from existing involutive constructions we additionally obtain involutive
semiring-like solvers. Already 28 non-trivial solvers can be implemented, and performance eval-
uation indicates that such solvers are suited for use in dependently-typed programming lan-
guages.

The role of category theory in this report is partly implicit, a slightly different result is stated
here to keep this report self-contained. The actual construction uses 2-category and especially
2-functors to transport adjunctions, as well as operads and multicategories to capture the dis-
tributivity of the multiplicative operations over the additive operations.

It remains to find a construction that works for free extensions. We proved that a modular
construction reusing free extensions for the component theories exist. We also managed to
narrow down our scope of research to searching for a multicategory suited for free extensions
and a particular adjunction.

In addition to giving a construction for involutive free extensions, Allais et al. [2023] also
presents the theory of multi-frex: free extensions of multi-sorted theories. It allows us to deal
with a lot of other theories, such as non-square matrices or linear transformations. However, it
has yet to be formalised in Idris. Doing so would let us explore other distributive theories, such
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as modules, a generalisation of vector spaces in which the field of scalars is replaced by a ring.
Modules can be modeled as the distributive combination of said ring over an abelian group.

Another axis of development for the FREx project is the support for second-order/parametrised
and essentially algebraic theories. No progress has been made in that direction yet.

Lastly, Fujii et al. [2026] recently gave a canonical construction of a distributive law under
some hypothesis in substructural contexts. A future direction is to systematically compare with
their work.
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Appendices

A Additional material

Proof (Theorem 1)

3. = 2. and 2. = 1. hold by definition. By cyclic implications, it remains to prove 1. = 3.
Let (A, var4) be a T-model over X. Suppose that (FX,varpx) = (X + £ = r). We want
to prove that A [{]varq = A[[r] vara.

The universal property of F'X gives a homomorphism h : F.X — A such that
hovarpy =vargd.

Lemma 5 (Homomorphisms preserve term semantics)

Let A, B be two T -algebras, X ¢t be aterm and i : A — B be a T-homomorphism.
Then for every function var : X - A, h(A[¢]var) = B [r] (h o var).

Proof
This is proved by a straightforward induction, using the fact that i preserves the inter-
pretations of the operators in 7. O]

Lemma 6 (Homomorphisms preserve equations)

Let A, B be two T -algebras, var : X — A be a function, X + ¢ = r be an equation and
h: A — Bbea T-homomorphism. Suppose that A [¢] var = A[[r] var.

Then B [{]] (hovar) = B[r] (h o var).

Proof
B[] (hovar) = h(A[¢]var) since h preserves term semantics
= h(A[r]var) since A [¢] var = A [r] var by hypothesis
= B[r] (hovar) since h preserves term semantics
O

Now we can finally prove our equality in A. By hypothesis, F X [{]| varpx = FX [r] varpx.
Since h is a homomorphism and homomorphisms preserve equations, A [£]] (ho varpx) =
A[r] (hovarpx). But hovarpy = var 4, therefore A [{] vary = A[r] vara. d
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Definition 7 (Abelian group monad)
The Abelian group monad (A, n4, MA) is given by:

+ A:Set — Set maps a set X to the set containing all finite multisets with elements
taken from X and with multiplicities in the integers (i.e, elements of the multiset are
allowed to have a negative multiplicity).

« 7% : X > AX maps an element = € X to the singleton {x : 1}.

. ,uﬁ : AAX — AX takes a union of multisets, accounting for all multiplicities.

ph {{a:1,0:-2}:1,{b:1}:3} ={a: (A1 x1),b: (-2x1+1x3)}={a:1,b:1}

Definition 8 (Barycentric algebras)

The theory of barycentric algebras BA consists of a binary operator @, for every p € [0,1]
and the axioms

NI T — idempotence
LY T Bp Y=y D1 px skew commutativity
Z,Y, 2T @ (Y& 2) = (33 ®_» y) IR 2 skew associativity

Definition 9 (Join semi-lattices)

The theory of join semi-lattices SL consists of a binary operator v and a constant 1, along
with the axioms

THTV1l=x unit
z,y,z-(xvy)vz=av(yvz) associativity
T,YyFxVy=yvze commutativity
TFITVIT=z idempotence
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( Left neutrality ] ( Left neutrality ]
(3ex)e[2] = (3ex)e20[c] x (3ex)e2ece|c] = (3ex)e2ecece[c] i (30[1‘])0208050606?
( Right neutrality ] ( Left neutrality ] ( Right neutrality ]

( Right neutrality ] ( Left neutrality ]
(Be[rec])e2ececocec e (Be(rec)e[c])e2ececocec = (30(3005)0&0[6])0205050506i

( Left neutrality ]

[ Associativity )
(30(5605)080505)0205080608T30[((.%‘08)080605)0205060608] L 3e[((xec)ecece

( Associativity ]

( Associativity ]
c)e2]ecececec ? 3e[(2e(rec)ececec)ecececec] i 3020((1'06)060606)06060606?

[ Commutativity ) [ Associativity )

( Associativity ]
(302)0[((3305)05-5-5)05050505]i(302)0(5605)0[(50505)05050505]?

[ Associativity )

[ Commutativity )
(302)0(w06)0[(60505)05]osoz—:osi(302)0(x05)o[(6050606)060505]?

( Associativity ]

[ Associativity )
(302)0[(5605)050(50506)050605]i(302)0((5005)05)0[(50605)0505-5]?
( Associativity ]

[ Associativity )
(302)0((3305)05)050[(505)050506]i(3};2)0((1‘05)05)050[(505)05]0505?

[ Commutativity )

( Associativity ]
(3-2)0((3708)08)080[(50505)0506]i(3y02)0((x05)05)o[5050(605)oaoa]T
[ Associativity )

[ Left neutrality )
(3°2)'(($'€)'6)°(€°€)°(€°€)°[6'€]i(3°2)'(($°€)°€)°(€°6)°[6'5]%?

[ Left neutrality )

[ Left neutrality ) [ Left neutrality )
(302)e((rec)ec)e[cec|ecec £ (302)e[(zec)ec]ececes n (302)0(x0[505])050505i
( Associativity ]

[ Left neutrality ) [ Right neutrality )
[302]e(z0c)ececes = He(rec)ece[cec] i He(xec)e[cec] = He[(zec)ec] x He[rec] = Sex
[ Evaluate ) [ Left neutrality ) [ Right neutrality )

Figure 5: FREx-extracted proof of (3ex) e 2 = 5 e x in the additive monoid over natural numbers.
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B Source code

The source code can be found on a fork of the Idris Frex project on GitHub at https://github.
com/S-c-r-a-t-c-h-y/idris-frex/tree/amaury.

C Proof of Theorem 4

The full proof of Theorem 4 exceeds 50 pages and is compiled in a single file on GitHub at
https://github.com/S-c-r-a-t-c-h-y/semiring-solvers/blob/main/proof/semirings.pdf.
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